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Abstract In this paper we present a lattice dynamical system stated by Kaneko in
(Phys Rev Lett, 65: 1391–1394, 1990) which is related to the Belusov-Zhabotinskii
reaction. We prove that this CML (Coupled Map Lattice) system has positive topo-
logical entropy for zero coupling constant.

Keywords Coupled map lattice · Positive topological entropy

1 Introduction

Classical Discrete Dynamical Systems (DDS’s), i.e., a couple composed by a space
X (usually compact and metric) and a continuous self-map ψ on X , have been highly
considered in the literature (see e.g., [3] or [9]) because are good examples of prob-
lems coming from the theory of Topological Dynamics and model many phenomena
from biology, physics, chemistry, engineering and social sciences (see for example,
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[8,16,19] or [18]). In most cases in the formulation of such models ψ is a C∞, an
analytical or a polynomial map.

Coming from chemical engineering applications, such a digital filtering, imaging
and spatial vibrations of the elements which compose a given chemical product, a
generalization of DDS’s have recently appeared as an important subject for investiga-
tion, we mean the so called Lattice Dynamical Systems or 1d Spatiotemporal Discrete
Systems. In the next section we provide all the definitions. To show the importance of
these type of systems, see for instance [6].

To analyze when one of these type of systems have a complicated dynamics or not
by the observation of one topological dynamics property is an open problem. The aim
of the present paper is to show by using the notion of topological entropy to character-
ize the dynamical complexity of coupled lattice systems stated by K. Kaneko in [15]
(for more details see for references therein) which is related to the Belusov-Zhabotin-
skii reaction showing the existence of positive topological entropy for zero coupling
constant. We present some other problems for the future related with chemical appli-
cations.

Let us recall the notion of Positive topological entropy which is known to topolog-
ical chaos.

An attempt to measure the complexity of a dynamical system is based on a compu-
tation of how many points are necessary in order to approximate (in some sense) with
their orbits all possible orbits of the system. A formalization of this intuition leads to
the notion of topological entropy of the map f , which is due to Adler, Konheim and
McAndrew [1]. We recall here the equivalent definition formulated by Bowen [5],
and independently by Dinaburg [10]: the topological entropy of a map f is a number
h( f ) ∈ [0,∞] defined by

h( f ) = lim
ε→0

lim sup
n→∞

#E(n, f, ε),

where E(n, f, ε) is a (n, f, ε)–span with minimal possible number of points, i.e., a
set such that for any x ∈ X there is y ∈ E(n, f, ε) satisfying d

(
f j (x), f j (y)

)
< ε

for 1 ≤ j ≤ n.
A map f is topologically chaotic (briefly, PTE) if its topological entropy h( f ) is

positive.

2 Notation and basic construction

The state space of LDS (Lattice Dynamical System) is the set

X = {x | x = {xi }, xi ∈ R
d , i ∈ Z

D, ‖ xi ‖< ∞},

where d ≥ 1 is the dimension of the range space of the map of state xi , D ≥ 1 is the
dimension of the lattice and the l2 norm ‖ x ‖2 = (�i∈ZD | xi |2)1/2 is usually taken
(| xi | is the length of the vector xi ).

We deal with the following 1d-LD CML (Coupled Map Lattice) system which was
stated by Kaneko in [15] (for more details see for references therein) and it is related
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to the Belusov-Zhabotinskii reaction (see [16] and for experimental study of chemical
turbulence by this method [12–14]):

xm+1
n = (1 − ε) f

(
xm

n

) + ε/2
[

f
(
xm

n−1

) − f
(
xm

n+1

)]
, (1)

where m is discrete time index, n is lattice side index with system size L (i.e. n =
1, 2, . . . L), ε is coupling constant and f (x) is the unimodal map on the unite closed
interval I = [0, 1], i.e. f (0) = f (1) = 0 and f has unique critical point c with
0 < c < 1 such that f (c) = 1. For simplicity we will deal with so called “tent map”,
defined by

f (x) =
{

2x, x ∈ [0, 1/2),
2 − 2x, x ∈ [1/2, 1].

In general, one for the following periodic boundary conditions of the system (1) is
assumed:

(1) xm
n = xm

n+L ,
(2) xm

n = xm+L
n ,

(3) xm
n = xm+L

n+L ,

standardly, the first case of the boundary conditions is used.
The Eq. (1) was studied by many authors, mostly experimentally or semi-analyti-

cally then analytically. The first paper with analytic results is [7], where it was proved
that this system is chaotic in the sense of Li and Yorke.

We consider, as an example the 2-element one-way coupled logistic lattice (OCLL,
see [17]) H : I 2 → I 2 written as

xm+1
1 = (1 − ε) f (xm

1 )+ ε f (xm
2 ),

xm+1
2 = ε f (xm

1 )+ (1 − ε) f (xm
2 ),

(2)

where f is the tent map.
The following construction is similar to the [4]. Since the critical point for the tent

map is equal to 1/2 we can divide the interval I into two sets P1 = [0, 1/3) and
P2 = (2/3, 1] and get a family P = {P1, P2}. Then each point x0 ∈ �1 can be
represented as an infinite symbol sequence C1(x0) = α = a1a2a3 . . . where �1 is
Cantor ternary set and

an =
{

0 if f n(x0) ∈ P1,

1 if f n(x0) ∈ P2.

Returning to (2) we can divide its range set into four sets P = {P1
1 , P1

2 , P2
1 , P2

2 }
(see the figure below) where the upper index corresponds to the x1 coordinate and x2
to the lower one. Then again each point p ∈ �2 can be encrypted as an infinite symbol
sequence C2(p) = α = a1a2a3 . . . where �2 is 2-dimensional Cantor ternary set1

1 By n-dimensional Cantor set we mean the Cantor set constructed as subset of R
n .
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and

an =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if Hn(p) ∈ P1
1 ,

1 if Hn(p) ∈ P1
2 ,

2 if Hn(p) ∈ P2
1 ,

3 if Hn(p) ∈ P2
2 .

1/3 2/3 10

Now, we denote the k-shift operator σk on k symbol alphabet, defined by σk :
�k → �k and σk(a1a2a3 . . . ) = a2a3 . . . where �k = {α | α = a1a2a3 . . . and ai ∈
{1, 2, . . . k}}, so the effect of this operator is to delete the first symbol of the sequence
α.

We can observe that �2 is invariant2 subset of the range space of the system (2)
and that each its point is encoded by exactly one point from�4, for ε = 0. So, by [11]
the shift operator σ4 acts on �4 exactly as (2) on �2, for ε = 0.

3 Main result

We say that two dynamical systems (X, f ) and (Y, g) are topologically conjugated
if there is a homeomorphism h : X → Y such that h ◦ f = g ◦ h (the diagram
commutes), such homeomorphism is called conjugacy. Then:

Proposition 1 [20] If (X, f ) and (Y, g) are topologically conjugated systems then
h( f ) = h(g).

For the proof of the main result we also use well known result:

Proposition 2 [20] Let σk be the k-shift operator. Then h(σk) = k log 2.

2 A set M is invariant for the map f if f (M) ⊂ M .
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Theorem 1 The system

xm+1
n = (1 − ε) f

(
xm

n

) + ε/2
[

f
(
xm

n−1

) − f
(
xm

n+1

)]
,

has positive topological entropy for ε = 0. Moreover, its entropy equals to L log 2.

Proof By the construction of the Sect. 2 it follows that the 2–dimensional system
(1) contains 2-dimensional Cantor set which is conjugated (see, e.g. [11]) to the shift
space �4 by the conjugacy map C2, for ε = 0. Then by Proposition 1 the system
has topological entropy equal to the entropy of σ4. Consequently, by Proposition 2 its
entropy is 2 log 2.

To the end of the proof, it suffice to note, that the construction of the Sect. 2 can
be generalized to the L-dimensional systems. Such system will be conjugated to the
2L -shift by CL conjugacy and by the same arguments, as in the paragraph above, its
entropy equals to L log 2. 
�

4 Concluding remarks

The proof of the main result can be done in an alternative way. For zero coupling con-
stant it is obvious that each lattice side contains a subsystem conjugated to (�2, σ2).
Then the system (1) contains subsystem conjugated to the L-times product of (�2, σ2)

and by h(σ2 × · · · × σ2︸ ︷︷ ︸
L

) = Lh(σ2) (see, e.g. [20]) the assertion follows.

For non-zero coupling constants the dynamical behaviour of the system (1) is more
complicated. The first question is how the invariant subsets of phase space looks like?
Secondly, is the set of periodic points dense in the range space? The answer for this
question will be nontrivial. Similar system was studied in [2] and there was used the
method of resultants to prove existence of periodic points of higher order. The same
concept like in [2] should be used.
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